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I. INTRODUCTION 

Let  𝑎𝑛 be a given infinite series with the sequence of partial sums{𝑆𝑛 }. Let {𝑃𝑛 } be a sequence of positive real numbers 

such that 

  𝑃𝑛 =   𝑃𝑣
𝑛
𝑣=0  →  ∞ 𝑎𝑠 𝑛 →  ∞ (𝑃−𝑖 = 𝑃𝑖  = 0, 𝑖 ≥  0)                ….  (1.1) 

The sequence to sequence transformation  

𝑡𝑛  =   
1

𝑃𝑛
  𝑃𝑛 − 𝑣 𝑆𝑣𝑛

𝑣=0        .…. (1.2) 

Defines the sequence {𝑡𝑛} of the (𝑁 , 𝑃𝑛) means of the sequence {𝑆𝑛 } generated by the sequence of coefficient{𝑃𝑛 }. If  

   𝑡𝑛  →  𝑠  𝑎𝑠  𝑛 →   ∞                  …… (1.3)                                           

then the series    ∑ 𝑎𝑛   is said to be (𝑁 , 𝑃𝑛 )  summable to s. 

The condition for regularity of Norlund Summ ability (𝑁 , 𝑃𝑛 ) are easily seen to be 

(i)  
𝑝𝑛

𝑃𝑛
  →  0   as   𝑛 →  ∞ 

(ii)   𝑛
𝑘=0 𝑃𝐾  = 𝑜(𝑃𝑛 )    as    𝑛 →  ∞. 

The   sequence to sequence transformation 

  𝑇𝑛  =
1

(1+𝑞)𝑛   𝑛
𝑣
 𝑞𝑛−𝑣

𝑛

𝑣=0
Sv    ……. (1.4)                                                     

Defines the sequence {𝑇𝑛 } of the (𝐸 , 𝑞) mean of the sequence {𝑆𝑛 } If 

  𝑇𝑛 → 𝑠 𝑎𝑠 𝑛 → ∞      ….… (1.5)   

then the series   ∑ 𝑎𝑛    is said to be (𝐸 , 𝑞) summable to s. 

Clearly (𝐸 , 𝑞) method is regular. 

The (𝐸 , 𝑞) transform of the (𝑁 , 𝑃𝑛 )   transform of  {𝑆𝑛 }   is defined by 

  𝜏𝑛  =  
1

(1+𝑞)𝑛     
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘    𝑇𝐾   
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=  
1

(1+𝑞)𝑛     
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘     
1

𝑃𝑘
  𝑃𝑘−𝑣 𝑆𝑣𝑘

𝑣=0    ….…. (1.6) 

If 𝜏𝑛→ 𝑠    as   𝑛 →  ∞ then   𝑎𝑛   is said to be (𝐸 , 𝑞)(𝑁 , 𝑃𝑛)  summable to s. 

Let 𝑓 (𝑡) be a periodic function with period 2𝜋  L- integrable over( −𝜋 , 𝜋). The Fourier series 

Associated with 𝑓 at any point 𝑥 is defined by 

𝑓 𝑥 =
𝑎0

2
+   (𝑎𝑛    cos 𝑛𝑥 +   𝑏𝑛    sin 𝑛𝑥)∞

𝑛=1    ……. (1.7) 

And   the   conjugate series of the   Fourier series is 

     (𝑎𝑛    cos 𝑛𝑥 −  𝑏𝑛    sin 𝑛𝑥)∞
𝑛=1    …….. (1.8) 

A function f € Lip α, if     𝑓 𝑥 + 𝑡 − 𝑓(𝑥)  = o  𝑡 𝛼  0 <  𝛼 ≤  1  ……. (1.9) 

Let   0 <  𝛼 ≤  1 and let 𝑓 ∶  𝑅 →  𝑅 be almost Lipchitz of order α,    f € L
a
ip α in the sense that there is a constant 

𝑀 =  𝑀𝑓  ≥  0 and for each 𝑥 € 𝑅 there is a subset. 𝐴𝑥  ⊂  [0, 𝜋/2]   of measure zero such that   𝑡 Є    [0, 𝜋/2]\ 𝐴𝑥  

implies 

 𝑓 𝑥 + 2𝑡 − 𝑓(𝑥 − 2𝑡)  ≤  𝑀𝑡𝛼    .…. (1.10) 

Every Lip 𝛼 function is trivially Laip𝛼, but the class Lip α greatly extends the class Lip α .For 0 <  𝑡 ≤  𝜋/2, since 

𝑠𝑖𝑛𝑡 ≥  
2𝑡

𝜋
  .So for each 𝑥 € 𝑅. 

We have  𝛹 (𝑡) 𝑐𝑜𝑠𝑡   ≤ 𝑀𝑡𝛼   
𝜋

2𝑡
  =  𝑀𝑡𝛼−1   

𝜋

2
  ,   𝑡 Є [0, 𝜋/2]\ 𝐴𝑥     

Where    𝛹(𝑡)   =  𝑓(𝑥 +  2𝑡) –  𝑓(𝑥 –  2𝑡). 

We use the following notation throughout this paper 

𝜑 (𝑡)   =  𝑓(𝑥 +  𝑡) –  𝑓(𝑥 –  𝑡) –  2𝑓(𝑥) 

                            𝛹 (𝑡)  = ½ {𝑓(𝑥 +  𝑡) –  𝑓(𝑥 –  𝑡)} And 

𝐾𝑛 (𝑡) = 
1

2𝜋(1+𝑞)𝑛     
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

sin (𝑣+1/2)𝑡

sin 𝑡/2
      

II. MAIN THEOREM 

Theorem 2.1– If  f  is  a   2 π  periodic  function  of  class   L
a
ip α   then t he  degree  of a approximation by the product  

(E,q)  (N,Pn)  summability mean on its Fourier series (1.7) is given by  

       𝜏𝑛 − 𝑓 ∞=  𝑜  
1

(𝑛+1)∝   0 < α < 1 where τn on defined in (1.6). 

1. Lemma – We require the following lemma to prove the theorem. 

3.1 Lemma-    Kn t  = 𝑜(𝑛)      0 ≤ t  ≤  
1

𝑛+1
 

Proof – For 0 ≤ t ≤  
1

𝑛+1
   we have sinnt ≤ n sint   then 

                Kn(t)   =   
1

2𝜋(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

sin (𝑣+1/2)𝑡

sin 𝑡/2
   

                                 ≤  
1

2𝜋(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

 2𝑣+1 sin 𝑡/2

sin 𝑡/2
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                             ≤  
1

2𝜋(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘(2𝑘 + 1)  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0    

                                  ≤  
(2𝑛+1)

2𝜋(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  

                                        =   𝑜 𝑛  

3.2 Lemma    Kn(t) =  𝑜  
1

𝑡
       for     

1

𝑛+1
 ≤ t ≤ π.  

Proof-  For 
1

𝑛+1
 ≤ t ≤ π we have sin(t/2) ≥ t/π , sinnt ≤ 1 then                                  Kn t    =   

1

2𝜋 1+𝑞 𝑛    

   
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

sin  𝑣+
1

2
 𝑡

sin
𝑡

2

   

≤ 
1

2𝜋(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 

𝜋

𝑡
𝑃𝑘−𝑣

𝑘
𝑣=0    

≤ 
1

2𝑡(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0    

= 
1

2𝑡(1+𝑞)𝑛       
𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  

=𝑜  
1

𝑡
 . 

Proof the theorem: 

The n
th 

partial sum Sn(x) of the fourier series (1.7) can be written as  

Sn(x) –f (x) = 
1

2𝜋
 ∅(𝑡)

sin (𝑛+
1

2
)𝑡

𝑠𝑖𝑛 (𝑡 2) 

𝜋

0
𝑑𝑡 

The (N,Pn) transform of Sn(x) is given by  

tn –f (x) = 
1

2𝜋𝑃𝑛
 ∅(𝑡)  𝑝𝑛−𝑘

𝑛
𝑘=0

sin (𝑛+
1

2
)𝑡

𝑠𝑖𝑛 (𝑡 2) 

𝜋

0
𝑑𝑡 

The (E,q) (N, 𝑝𝑛 ) transform of Sn(x) is given by  

 𝜏𝑛 − 𝑓  =  
1

2𝜋(1+𝑞)𝑛  ∅(𝑡)   𝑛
𝑘
 𝑞𝑛−𝑘𝑛

𝑘=0  
1

𝑝𝑘
 𝑝𝑘−𝑣

𝑘
𝑣=0

 sin (𝑣+
1

2
)𝑡

𝑠𝑖𝑛 (𝑡 2) 

𝜋

0
 𝑑𝑡  

 

= ∅ 𝑡 𝑘𝑛(𝑡)
𝜋

0
 𝑑𝑡  

=   +
1 𝑛+1 

0
  }

𝜋

1 𝑛+1 
∅(𝑡)𝑘𝑛(𝑡)𝑑𝑡 

 

  =  I1  +  I2     ……..(4.1)     

  I1   =   
1

2𝜋(1+𝑞)𝑛      ∅(𝑡)
1 𝑛+1 

0
  

𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

sin (𝑣+1/2)𝑡

sin 𝑡/2
 𝑑𝑡  

 = o(n)   ∅(𝑡) 
1 𝑛+1 

0
 dt By Lemma(3.1) 
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 =  𝑜(𝑛)  𝑀 𝑡∝ 
1 𝑛+1 

0
 dt 

                      ≤  o(n)     [
𝑡∝+1

∝+1
]0

1 𝑛+1 
                                               

   =  o 
1

(𝑛+1)∝       ………(4.2) 

  I2   =   
1

2𝜋(1+𝑞)𝑛      ∅(𝑡)
𝜋

1 𝑛+1 
  

𝑛
𝑘
 𝑛

𝑘=0 𝑞𝑛−𝑘  
1

𝑝𝑘
 𝑃𝑘−𝑣

𝑘
𝑣=0

sin (𝑣+1/2)𝑡

sin 𝑡/2
 𝑑𝑡  

  ≤    ∅(𝑡) 
𝜋

1 𝑛+1 
 𝐾𝑛 (𝑡) 𝑑𝑡 

  =    ∅ 𝑡  
𝜋

1 𝑛+1 
𝑜(

1

𝑡
)𝑑𝑡                                                   By Lemma         (3.2) 

  ≤   𝑀 𝑡∝ 
𝜋

1 𝑛+1 
𝑜(

1

𝑡
)𝑑𝑡        

    ≤   𝑡∝−1𝜋

1 𝑛+1 
   dt    

           =   𝑜  
1

(𝑛+1)∝                                                                                              ………(4.3)    

From  (4.1) (4.2)  and (4.3) we have    

 𝜏𝑛 − 𝑓(𝑡)   =       o 
1

(𝑛+1)∝     for  0 < ∝ < 1.  

Hence  

 𝜏𝑛 − 𝑓(𝑥)      = 
𝑠𝑢𝑝

−𝜋 < 𝑥 < 𝜋
  𝜏𝑛 − 𝑓(𝑥)    =   o 

1

(𝑛+1)∝         0 < ∝ < 1.  

This  completes  the  proof  of  the  theorem. 

Corollary: If Pn = 1 ∀𝑛 𝑎𝑛𝑑  q= 1 then theorem reduces to degree of approximation for (E,1) (C,1) method of Fourier 

series. 
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